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M otivated by severalpiecesofevidence,in orderto show thatextrem e black holescannotbe ob-
tained aslim itsofnon-extrem alblack holes,in thisarticlewecalculateexplicitly quasinorm alm odes
forBa~nados,Teitelboim and Zanelli(BTZ)extrem alblack hole and we showed thatthe im aginary
part ofthe frequency is zero. W e obtain exact result for the scalar an ferm ionic perturbations.
W e also showed that the frequency is bounded from below for the existence ofthe norm alm odes
(non-dissipative m odes).
PACS num bers:04.70.Bw
I. IN T R O D U C T IO N
There are severalpieces ofevidence to show that extrem alBlack Holes (BH) cannot be obtained as lim its of
non-extrem alBH.First ofall,these two classes are topologically dierent. For exam ple,in 2+ 1 dim ensions,the
topology ofan extrem alBH isan annulus,while the non-extrem alBH istopologically like a cylinder[1]. M oreover,
the extrem alBH haszero Hawking tem peratureensuring stability againstHawking’sradiation which isnotthe case
for the non-extrem alBH.In the language oftherm odynam ics,m any authors have showed,at least sem iclassically,
thatthe entropy ofan extrem alBH iszero [1,2,3,4]in contrastwith the non-extrem alcase where the entropy is
proportionalto the area.In addition,theclassicalabsorption crosssection (orgreybody factor)fornon extrem eBH
in three and fourdim ensions,turnsoutto be proportionalto the area ofthe horizon [5]while in Refs. [6,7]ithas
been shown that the extrem alBTZ BH has nullgreybody factor for scalarand ferm ion particles. By virtue ofall
these dierences,itisclearthatboth system sm ustbe treated dierently [8]and itisnotexcepted to passform one
to the otherby som eprocedurelim its.
In the pastfew yearsthere hasbeen a growing interestin studying the Q NM s(quasinorm alm odes)spectrum of
BH [9,10]and itsconnection to conform aleld theory [11,12].Unfortunately,nding an exactsolution oftheQ NM s
isa very hard task and in som ecases,itisalm ostim possibleto getan analyticexpression.In spiteofthedierences
m entioned above,studieshavefocused on non-extrem alBH ornearextrem alBH,asideextrem alcaseaslim itofthese
lastones. In this paper,we give anotherevidence based on Q NM s,specically thatthis lim it procedure doesnot
work in thecaseoftheextrem alBTZ BH.Indeed,wewillshow thattheQ NM softheextrem alBTZ BH do notexist
forscalarand ferm ionicperturbations.Thisconclusion doesnotoccurin thenon-extrem alcasewheretheQ NM sare
known [11,13]. W e discuss the boundary conditions ofthe states at spatialinnity,where there is no plane wave
solution.Thepaperisorganized asfollows:in thefollowing section wereview theK lein G ordon and Diracequations
in a curved spacetim e aswellasthe 2+ 1-dim ensionalextrem alblack hole.In the nextsection,we study the scalar
perturbationsand theirQ NM s.Then,werepeatthesam ecom putationsforferm ionicperturbations.Thelastsection
containsourconclusionsand rem arks.
A . K lein G ordon and D irac Equations in a C urved Space T im e
In order to com pute the Q NM s we m ust solve the K lein G ordon as wellas the Dirac equations in the three-
dim ensionalextrem alblack holebackground.In thissection,wereview theseequationsin ordertom akethediscussion
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2self-contained.
The waveequation in the scalarcaseisgiven by
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 = 0, (1)
and,assum ing sphericaloraxialsym m etry,thisequation can be rewritten as
d2R
dr2
+ (k2   Veff(r))R = 0, (2)
whereVeff isthe eective potentialproduced by the BH background [16].
Forthe ferm ionicperturbations,weneed to solvethe Diracequation given by [17]
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and ! isthe spin-connection.The setofm atricesf
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the Diracm atricesin the tangentspacewhich satisfy the Cliord algebra
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Extrem al 2 + 1 black hole m etric. In a 2 + 1-dim ensionalspacetim e,the Einstein equations with negative
cosm ologicalconstant =   ‘  2 havethe following solution [18]
ds
2 =   N 2 (r)dt2 + N   2 (r)dr2 + r2

d + N  (r)dt
2
, (5)
wherethe lapseN 2(r)and shiftN (r)functionsaregiven by
N
2 (r) =   M +
r2
‘2
+
J2
4r2
; (6)
N
 (r) =  
J
2r2
. (7)
HereM and J arethe m assand the angularm om entum ofthe black hole,respectively.
The lapsefunction vanisheswhen
r = rex
"
1
r
1 
J2
M 2‘2
# 1
2
, (8)
and therefore,the solution (5) is dened forr+ < r < 1 ,   <  <  and   1 < t< 1 . The extrem alsolution
correspondsto J2 = M 2‘2,which im pliesthatr = rex = ‘
p
M =2.Hence the line elem ent(5)becom es
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2
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)
2
dr
2
  2
r2
ex
‘
dtd + r2d2. (9)
Letusnow study the scalarperturbationsforthisgeom etry.
II. SC A LA R P ER T U R B A T IO N S
Equation (1),in the abovem etric(9)can be solved considering the following Ansatz
 =  0 e
i!t
e
in
R(r), (10)
where R(r) is an unknown function and  0 is a constant. Plugging (10) into the equation (1),the radialfunction
R(r)satises
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3The solution ofthisequation isgiven asa linearcom bination [6]
R(r)= AR (1)(r)+ B R (2)(r), (12)
wherethe functionsR (1)(r)and R (2)(r)read
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Here s =
1
2
(1
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1+ m 2);
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1p
2M
(!  n)(we have put l= 1) and F [a;c;z]is the conuent hypergeom etric
function (known asK um m er’ssolution).
Asthe BTZ BH isasym ptotically Antide Sitter(AdS),the denition ofthe Q NM sisdierentfrom the one used
in an asym ptotically atspace[14][15].In the form ercase,thisproblem waswelldescribed in Ref.[10]where they
dened Q NM sassolutionswhich arepurely ingoingatthehorizon,and vanishing atinnity.Thevanishing boundary
condition im pliesthatthe constantB in (12)m ustbe zero and in the asym ptoticlim itthe wavefunction becom es
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Itissim ple to see thatthe required boundary condition isautom atically satised,showing therefore the absence of
Q NM s.Thisresultisin contrastwith thenon-extrem alcasewhereQ NM sareproportionaltothequantized im aginary
partofthe frequency [11].M oreover,thisresultisin agreem entwith the nullabsorption crosssection forthe scalar
case [6]. Now,we turn to conrm again thisresultby showing thatthe condition ofthe vanishing ux atinnity is
satised.Forsim plicity,weconsiderthe coordinatez =
r
2
ex
r2  r2
ex
forwhich the conserved radialcurrentbecom es
Jr(z)= R
(z)
d
dz
R(z)  R(z)
d
dz
R
(z): (16)
Due to the regularity condition atinnity,the only contribution to the currentJr(z)com esfrom R
(1)(r).Then,the
conserved currentisexpressed as
Jr(z)=   ijAj
2

+ z
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and the ux isgiven by
F =
p
g
1
2i
Jr(z): (18)
Itisstraightforward to see thatthe ux vanishesasz goesto 0 which conrm sthe absence ofQ NM sforextrem al
BTZ BH underscalarperturbations.W e also pointoutthatthisresultisindependentofthe valueofm .
III. FER M IO N IC P ER T U R B A T IO N S
In orderto solveDirac’sequation (3)with the extrem alBTZ m etric,itisconvenientto dene a dim ensionlessset
ofcoordinatesfu;v;g asfollows(with ‘restored)
u =
t
‘
+ ; v =
t
‘
  ; e
2 =
r2   r2
ex
‘2
, (19)
where u;v and  range from   1 to 1 . In the space fu  vg,two points(u1;v1)and (u2;v2)are identied ifthey
satisfy u1 = v2 and v1 = u2,forany valueof.
Choosing the Diracm atricesto be given by
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3 = 2, (20)
4wherei arethe Paulim atricesand,taking the following Ansatzforthe wavefunction
	(u;v;)=

U(u;v;)
V(u;v;)

,
the Diracequation becom es
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V = 0. (22)
Letusnow look forsolutionsofthisequation ofthe form
	(u;v;)= ei(u+ v)

F ()
G ()

, (23)
where  and  are two constants related to the angular and tem poraleigenvalues of the solution of (3) in the
coordinatesft;;rg.Thism eansthatifthe solution behaveslike ei(n+ !t),then
 =
1
2
(!‘+ n);  =
1
2
(!‘  n). (24)
Forthe-dependentpartoftheequation itisusefulto denez = e  2 and thus,thefunctionsF (z)and G (z)satisfy
the following system
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G (z) = 0. (26)
Thissystem ofrstordercoupled dierentialequationscan betransform ed into a second ordersystem .Indeed,using
the equation (25) to express F (z) as a function ofG (z) and its rst derivative and then dening a new variable
x = (rex=‘)z,onendsthatG (x)satisesthe following second orderequation
A(x)G 00(x)+ B (x)G 0(x)+ C (x)G (x)= 0. (27)
The function A;B and C aregiven by
A(x) = (   x)x2, (28)
B (x) = (2   x)x, (29)
C (x) =   x3 + (   ~)x2 +
1
4
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 + )

x  

4

(2 + ~)2   1

, (30)
wherethe constants and ~ are
 =
1
2

‘m e  
~

; ~ =
‘
rex
. (31)
and the eective m ass is m e = m +
1
2‘
. The sam e procedure can be done for the function F () which yields to
a sim ilar result(for details,see Ref. [7]). In orderto solve the equation expressed in (27),we need to distinguish
between two casesaccording to a vanishing ornon-vanishing delta.
 = 0.Fora vanishing  (i.e. = rex(m + 1=2l),the equation (27)reducesto
x
2
G
00(x)+ xG 0(x)+ (x2 + ~x  
1
4
(~ + 1)2)G (x)= 0, (32)
whosesolution isgiven by
G (x)= e  ix
 
P x
s
F [s+ 1=2+ i(s  1=2);1+ 2s;2ix]+ Q x  sF [  s+ 1=2+ i(s  1=2);1  2s;2ix]

. (33)
5Heres= (~ + 1)=2,F [c;d;x]isthe conuenthypergeom etricfunction,with P and Q aretwo com plex constants.
Forsm allx,the solution G (x)behaveslike
G (x) e  ik(P xs + Q x  s), (34)
and hence the vanishing boundary condition atinnity ( ! 1 i. e. x ! 0)im plies that Q m ust be zero. Thus,
as we found in the scalarcase,we have proved the absence ofthe Q NM s for the ferm ionic case. W e wantto note
thattheabsenceofQ NM sisdierentfrom thenon-extrem alcasewheretheQ NM sareproportionalto thequantized
im aginary partofthe frequency [11].
Anotherinteresting feature ofthe solution G (with Q = 0)isthat,forx  1 ,G behaveslike
G (x) P
e i
~ln(x)=2
p
x
! 0. (35)
Thisalso showsthatthe function G (x)isvanishing atthe horizon,in agreem entwith a nullabsorption crosssection
forthe ferm ioniceldsin an extrem alBTZ background [7].
 6= 0.Fora non-vanishing ,itism oreconvenientto dene a new variabley = x= and a function G (y)as
G (y)=
1  y
p
y
D (y). (36)
In term sofD (y),the equation (27)turnsoutto be
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D = 0. (37)
As in the previouscases,we need to study the asym ptotic behavior ofthe solution ofthis equation to explore the
possibility ofobtaining Q NM s.K eeping term sup to rstorder,thislim ity ! 0 yieldsto
y
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4
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4
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whosesolution is
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HereP0 and Q 0 aretwocom plex constants,a = 2+
3
2
(~2  2)  ~(1+ 2)and b= 2~+  and F [c;d;x]istheconuent
hypergeom etricfunction.Finally the solution reads,
G 0(y)= P0 y
 
b+ 1
2 + Q 0 y
b  1
2 . (40)
In orderto satisfy the adequate boundary condition [10],we require P0 = 0 and b > 1:W ith these two conditions,
the vanishing boundary condition atinnity again isautom atically satised by (40)and thisfactclearly showsthe
absenceofQ NM sin thiscase.
O n the otherhand,itisstraightforward to prove thatthe wave function vanishesathorizon.Therefore the elds
behaviorisasparticlesconned in a box. Allowing the presence ofthe norm alm odesofvibration (non-dissipative
m odes).
Atthispoint,letusrem arking thatthe condition b> 1 im pliesthatthe frequency isbounded from below forthe
existenceofthe norm alm odes,i.e.
!

ex
> n +
r
M
2
 
2
3
m rex, (41)
where 
ex = l
  1is the angular velocity of the extrem alblack hole. This result can be interpreted as that the
fundam entalfrequency isbounded by below.In orderto excite the norm alm odesofthe space,frequency should be
m ore biggerthislim it. Then in thiscase extrem e BTZ BH behaviorasnon-dissipative system . O n the otherhand,
weconjectured thatthisinferiorlim itisrelated with the quantization ofthe black holehorizon area.[19]
6However,as noted in Ref. [11],the Dirichlet condition is not adequate for the BTZ BH for som e values ofthe
m assparam eter.Theauthorsin Ref.[11]considerthisfactasanotherm otivation forim posing thevanishing ux at
innity ratherthan theDirichletcondition forasym ptotically AdS space-tim e.Then in the caseofDiracm odes,one
can also im pose vanishing ux at innity (generally m uch weakerthan the Dirichletcondition),see Refs. [11]and
[12].From Eqs.(23)and (25)weobtain that
j
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
x
   x

<e
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d
dx
G
(x)

; (42)
whereA isa constantand
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‘rex
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
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
<e

iG (x)
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G
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
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In the presentcase, = 0,and so the function G (x)isgiven by
G (x)= e  ix
 
P x
s
F [s+ 1=2+ i(s  1=2);1+ 2s;2ix]+ Q x  sF [  s+ 1=2+ i(s  1=2);1  2s;2ix]

, (44)
while the ux reads
F =   A
r
r2
ex
+
‘rex
x
x
2s
F [s+ 1=2+ i(s  1=2);1+ 2s;2ix]F [s+ 1=2  i(s  1=2);1+ 2s;  2ix]: (45)
In the lim itx goesto 0,onehas
F ! x
2s  1
2 ;
and thus,in orderto satisfy the appropriate boundary condition,we require thatQ = 0 togetherwith 2s  1
2
> 0.
Underthesetwo conditions,the absenceofQ NM sisensured.
Letus end this section with a rem ark concerning the frequency. Indeed,the condition 2s  1
2
> 0 again im plies
thatthe frequency isbounded from below forthe existenceofthe norm alm odes,i.e.
! >
n
l
 
rex
l2
For 6= 0,itispossible to provethatthe condition (41)isalso satised.
IV . C O N C LU SIO N A N D R EM A R K S
Through ofthe exact solutions found in Refs. [6]and [7]for the K lein G ordon and the Dirac equations in an
extrem alBTZ background,wehaveexplicitly discussed the absenceofQ NM sin BTZ black holes.
In thescalarand ferm ioniccaseswehaveshown thatthevanishingboundary conditionsatinnity areautom atically
satised for the exact solutions. This fact im plies the absence ofthe Q NM s in the extrem alBTZ BH against the
non-extrem alcases.W hich isagreeswith severalpiecesofevidence thatshow thatextrem alBH cannotbe obtained
aslim itsofnon-extrem alBH.In orderto apply adequateboundary condition,consistentwith thepresenceofQ NM s
in theAdS space,wehaveobtained an inferiorlim itfortheexistenceofnorm alm odes.Thislastresultisrem arkable
because in generalthe perturbation equation providesonly inform ation aboutthe Q NM s. W e can observe thatthe
extrem alBTZ BH,behavesasa non-dissipativesystem .
By other way,according to the AdS/CFT correspondence,the black holes correspond to therm alstates in the
conform aleld theory.Due to the factthatthe extrem alblack hole havea zero Hawking tem perature,itispossible
to com pute the zero tem perature 2-pointfunctionsin an unique form (up to a norm alization)from conform aleld
theory [20][21][22]. In thiscase,the retarded G reen’sfunction willgenerally have polesand cutson the realaxis,
corresponding to stable states and m ulti-particles,respectively. O n the other hand,there also can be poles in the
lowerhalf!-plane.The distance ofthe polesfrom the realline then determ inesthe decay tim e ofsuch a resonance,
thisbeing relating with the Q NM ’s[12]. In ourcase,the extrem alblack hole correspond to a CFT in a cylinderof
(1+ 1)dim ensionsatzero tem perature.The im aginary pole partisnull,showing thatthe extrem alBTZ black hole
does notexhibit Q NM ’s. O n the otherway,the realpole partis dierentfrom zero and is quantized,showing the
presenceofnorm alm odes.
7Then,from the CFT point ofview,we can obtain another piece ofevidence about the distinction between the
extrem aland the non-extrem alcases,related to the dierenttopologies(annulusand cylinderrespectively).O n the
otherhand,the AdS3/CFT2 correspondencecontainsinform ation aboutnorm aland quasinorm alm odes,and in the
extrem alcaseitispossibleto show the absence ofQ NM ’saccording to the perturbation equationsdeveloped in this
article.
Finally,we hypothesizethatthese resultsarerelated with the interpretation ofthe extrem alblack holesasfunda-
m entalparticles[3].
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